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[HKMO]
Lie $G$ $K$- Bergman
Godement-Selberg $G/K$
$(SU(n, 1)$






$(n, 1)$ $G=SU(n, 1)$
$G=\{g\in SL(n+1, \mathbb{C})|^{t}\overline{g}1_{n,1}g=1_{n,1}\}, 1_{n,1}=(1_{n} -1)$
$K=\{(u (detu)^{-1}) u\in U(n)\}\simeq U(n)$
Lie $G$ Lie $\mathfrak{g}$
$\mathfrak{g}=\epsilon n(n, 1)=\{X\in\epsilon \mathfrak{l}(n+1, \mathbb{C})|tX^{-}1_{n,1}+1_{n,1}X=0\}$
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$K$ Lie $\mathfrak{k}$ , Killing $\mathfrak{k}$
$\mathfrak{p}$
$m$ $1\leq i,j\leq m$ $E_{i,j}^{(m)}$ $(i, j)$ - 1 $0$ $m$
Cartan
$t=\bigoplus_{i=1}^{n}\mathbb{R}(\sqrt{-1}\tilde{E}_{i,i}^{(n+1)}) , \tilde{E}_{i,i}^{(n+1)}=E_{i,i}^{(n+1)}-E_{n+1,n+1}^{(n+1)}$
$\mathbb{C}$- $e_{i}(1\leq i\leq n+1)$
$e_{i}(t)=t_{i} (t= \sum_{i=1}^{n+1}t_{i}E_{i,i}^{(n+1)}\in t_{\mathbb{C}})$
$(t_{\mathbb{C}}, \mathfrak{g}_{\mathbb{C}})$ $\Sigma$




$\Sigma_{c}^{+}=\{\alpha\in\Sigma^{+}|\mathfrak{g}_{\alpha}\subset \mathfrak{k}_{\mathbb{C}}\}=\{e_{i}-e_{j}|1\leq i<j\leq n\},$






$\mathfrak{p}_{\mathbb{C}}=\mathfrak{p}_{+}\oplus \mathfrak{p}_{-} (\mathfrak{p}_{+}=\bigoplus_{\alpha\in\Sigma_{n}^{+}}\mathfrak{g}_{\alpha}, \mathfrak{p}_{-}=\bigoplus_{\alpha\in\Sigma_{n}^{+}}\mathfrak{g}_{-\alpha})$
$\mathbb{C}$- $\gamma$
$(\gamma(\tilde{E}_{1,1}^{(n+1)}), \gamma(\tilde{E}_{\underline{9}2}^{(n+1)}), \cdots, \gamma(\tilde{E}_{n,n}^{(n+1)}))\in \mathbb{C}^{n}$
$\wedge i-1 \wedge n-i$





$G$ $G=KAK$ Cartan $M$ $K$
$A$




$(L(g_{1})R(g_{2})\varphi)(x)=\varphi(g_{1}^{-1}xg_{2}) (\varphi\in C^{\infty}(G), x\in G, (g_{1}, g_{2})\in G\cross G)$
$G\cross G$- $(\Pi, H_{\Pi})$ $G$ Banach $(\Pi^{\vee}, H_{\Pi}^{\vee})$ $\Pi$
$H_{\Pi,K}$ $H_{\Pi,K}^{\vee}$ $K$- $H_{\Pi}$ $H_{\Pi}^{\vee}$
$K\cross K$- $\Phi_{\Pi}:H_{\Pi,K}^{\vee}\otimes_{\mathbb{C}}H_{\Pi,K}arrow C^{\infty}(G)$
$\Phi_{\Pi}(f^{\vee}\otimes f)(g)=\langle f^{\vee}, \Pi(g)f\rangle$
$\langle\cdot,$ $\cdot\rangle$ $H_{\Pi}^{\vee}\cross H_{\Pi}$ $f^{\vee}\in H_{\Pi}^{\bigvee_{K}}$, $f\in H_{\Pi,K}$
$\Phi_{\Pi}(f^{\vee}\otimes f)$ ( $K$- ) $\Pi$
$L$ ( $X$ ) $\Phi\Pi$ (f $f$ ) $=\Phi_{\Pi}((\Pi^{\vee}(X)f^{\vee})\otimes f)$ ,
$R(X)\Phi_{\Pi}(f^{\vee}\otimes f)=\Phi_{\Pi}(f^{\vee}\otimes(\Pi(X)f)) (X \in \mathfrak{g}_{\mathbb{C}})$
$L$ , $R$ $\mathbb{C}$-
$\mathfrak{g}_{\mathbb{C}}$









$V_{\tau}(\gamma)\neq\{0\}$ $\gamma\in \mathbb{Z}^{n}$ $\tau$ $V_{\tau}(\gamma)$
$\tau$ $\lambda_{\tau}$ $\tau$
$\lambda_{\tau}$
$\Lambda_{n}=\{\lambda=(\lambda_{1}, \lambda_{2}, \cdots, \lambda_{n})\in \mathbb{Z}^{n}|\lambda_{1}\geq\lambda_{2}\geq\cdots\geq\lambda_{n}\}$
$\tauarrow\lambda_{\tau}$ $U(n)$ $\Lambda_{n}$ $\lambda\in\Lambda_{n}$
$\lambda$ $U(n)$ $(\tau_{\lambda}^{(n)}, V_{\lambda}^{(n)})$
$\kappa:K\ni(u (detu)^{-1})\mapsto u\in U(n)$ (4.1)
$(\tau_{\lambda}^{(n)}, V_{\lambda}^{(n)})$ $K$
5 $M$-
$n\geq 2$ $K$- Banach
$(\Pi, H_{\Pi})$ $G$ Banach $(\tau_{\lambda}^{(n)}, V_{\lambda}^{(n)})$ $K$-
2 $K$- $\iota^{\vee}:V_{\lambda}^{(n)\vee}arrow H_{\Pi}^{\bigvee_{K}}$, $\iota:V_{\lambda}^{(n)}arrow H_{\Pi,K}$ $\phi=\Phi_{\Pi}\circ(\iota^{\vee}\otimes\iota)$
$v^{\vee}\in V_{\lambda}^{(n)\vee}$ $v\in V_{\lambda}^{(n)}$
$\phi(v^{\vee}\otimes v)(k_{1}gk_{2})=\phi(\tau_{\lambda}^{(n)\vee}(k_{1}^{-1})v^{\vee}\otimes\tau_{\lambda}^{(n)}(k_{2})v)(g) (g\in G, k_{1}, k_{2}\in K)$
Cartan $G=KAK$ $\phi$ $\phi(v^{\vee}\otimes v)|_{A}(v^{\vee}\in$
$V_{\lambda}^{(n)\vee},$ $v\in V_{\lambda}^{(n)})$
$V^{\vee}\in V_{\lambda}^{(n)\vee}$ $V\in V_{\lambda}^{(n)}$ $\phi(v^{\vee}\otimes v)|_{A}$ $M$
$\phi(\tau_{\lambda}^{(n)\vee}(m)v^{\vee}\otimes\tau_{\lambda}^{(n)}(m)v)(a)=\phi(v^{\vee}\otimes v)$ ( $m^{-1}$ am)
$=\phi(v^{\vee}\otimes v)(a) (m\in M, a\in A)$ (5.1)
$V_{\lambda}^{(n)\vee}$ $V_{\lambda}^{(n)}$ $M$-
$\iota_{n-1,n}:U(n-1)\ni u\mapsto(+_{u}^{1})\in U(n)$ , (5.2)
$U(n-1)$ $U(n)$ $\lambda=(\lambda_{1}, \lambda_{2}, \cdots, \lambda_{n})\in\Lambda_{n}$
$B(\lambda)=\{\nu=(\nu_{1}, \nu_{2}, \cdots, v_{n-1})\in\Lambda_{n-1}|\lambda_{i}\geq\nu_{i}\geq\lambda_{i+1}(1\leq i\leq n-1)\}$
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$\tau_{\lambda}^{(n)}$ $U(n-1)$ $\tau_{\lambda}^{(n)}|_{U(n-1)}$ $\tau_{\lambda}^{(n)}|_{U(n-1)}\simeq\oplus_{\nu\in B(\lambda)}\tau_{\nu}^{(n-1)}$




$V_{\lambda,\nu}^{(n)}$ $U(n-l)$- $V_{\nu}^{(n-1)}$ $V_{\lambda}^{(n)}$
(5.3) $M$-
$\nu\neq\nu’$ $M$- $V_{\lambda,\nu}^{(n)}\not\simeq V_{\lambda,\nu}^{(n)}$,
$V_{\lambda}^{(n)}$ $V_{\lambda}^{(n)\vee}$ $M$-
$V_{\lambda}^{(n)\vee}= \bigoplus_{\nu\in B(\lambda)}V_{\lambda,\nu}^{(n)\vee},$
$V_{\lambda,\nu}^{(n)\vee}=\{v^{\vee}\in V_{\lambda}^{(n)\vee}|\langle v^{\vee},v\rangle=0(v\in V_{\lambda,\nu}^{(n)},, \nu’\in B(\lambda)-\{\nu\})\}$
(5.1) $\nu,$ $v’\in B(\lambda)$ $a\in A$
$V_{\lambda,\nu}^{(n)\vee}\otimes_{\mathbb{C}}V_{\lambda,\nu}^{(n)}, \ni v^{\vee}\otimes varrow\phi(v^{\vee}\otimes v)(a)\in \mathbb{C}$
$M$- Schur $\nu\neq\nu$’
$\phi(v^{\vee}$ $v)(a)=0$ $(v^{\vee}\in V_{\lambda,\nu}^{(n)\vee}, v\in V_{\lambda,\nu}^{(n)},)$
$\nu=\nu’$
$\phi(v^{\vee}\otimes v)(a)=\phi[\nu](a)\langle v^{\vee}, v\rangle (v^{\vee}\in V_{\lambda,\nu}^{(n)\vee}, v\in V_{\lambda,\nu}^{(n)})$
$\phi[\nu](a)\in \mathbb{C}$ $K$- $\tau_{\lambda}^{(n)}$ $\Pi$ $\phi(v^{\vee}\otimes v)$
$A$ $\phi[\nu](\nu\in B(\lambda))$ $v\in B(\lambda)$ $A$
$\phi[v]$ $\phi$ $\nu$-
6 Blattner
$G$ Haar 2 $G$
$G$ $G$ Blattner
Knapp [Kn, Theorems 9.20, 12.21]
$0\leq J\leq n$ $\Sigma$ $\triangle_{J}$
$\Delta_{0}=\{e_{i}-e_{i+1}|1\leq i\leq n\},$
$\Delta_{J}=\{e_{i}-e_{i+1}|1\leq i\leq n-1, i\neq n-J\}\cup\{e_{n-J}-e_{n+1}, e_{n+1}-e_{n-J+1}\}$ $(0<J<n)$ ,
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$\Delta_{n}=\{e_{i}-e_{i+1}|1\leq i\leq n-1\}\cup\{e_{n+1}-e_{1}\}$
$\triangle_{J}$ $\Sigma^{+,J}$ $\Sigma_{c}^{+}$ $\Sigma$
( $\Sigma^{+,J}(0\leq J\leq n)$
$\rho_{J}=\frac{1}{2}\sum_{\alpha\in\Sigma^{+J}},\alpha=(n-J, n-J-1, \cdots, 2,1, -1, -2, \cdots, -J) (0\leq J\leq n)$,
$\rho_{[K]}=\frac{1}{2}\sum_{\alpha\in\Sigma_{c}^{+}}\alpha=\frac{1}{2}(n-1, n-3, \cdots, n+1-2i, \cdots, -n+1)$
$0\leq J\leq n$ $\hat {}D$- $\Xi_{J}^{(n)}$
$\Xi_{J}^{(n)}=\{\lambda=(\lambda_{1}, \lambda_{2}, \cdots, \lambda_{n})\in\Lambda_{n}|\lambda_{n-J}>n-2J, n-2J>\lambda_{n-J+1}\}.$
( $J=n$ $\lambda_{n-J}>n-2J$ $J=0$
$n-2J>\lambda_{n-J+1}$ ) $\Xi^{(n)}=\bigcup_{J=0}^{n}\Xi_{J}^{(n)}$
$0\leq J\leq n$ $\mu\in\Xi_{J}^{(n)}$ $G$ $(\Pi, H_{\Pi})$ :
(a) $\Pi$ $\mu-\rho_{J}+2\rho_{[K]}$
(b) $\dim_{\mathbb{C}}Hom_{K}(V_{\lambda}^{(n)}, H_{\Pi,K})>0$ $\lambda\in\Lambda_{n}$ :
$\mu+\sum_{\alpha\in\triangle_{J}}m_{\alpha}\alpha (m_{\alpha}\in Z_{\geq 0})$
.
$\dim_{\mathbb{C}}Hom_{K}(V_{\mu}^{(n)}, H_{\Pi,K})=1$
$\Pi$ 1 $\mu$ $\Pi$ Blattner




$\Pi_{\mu}$ (Vogan [Vo, Definition 6. 1] )
Blattner $\mu=(\mu_{1}, \mu_{2}, \cdots, \mu_{n})\in\Xi_{J}^{(n)}$ $G$ $\Pi_{\mu}$ $\Pi_{\check{\mu}}$
Blattner $\hat{\mu}=(-\mu_{n}, -\mu_{n-1}, \cdots, -\mu_{1})\in\Xi_{n-J}^{(n)}$ $G$
$\Pi_{\mu}^{\vee}\simeq\Pi_{\hat{\mu}}$ . (3.1) $\Pi_{\mu}$
$0\leq J\leq n/2$ $\mu\in\Xi_{J}^{(n)}$
7
$\Pi=\Pi_{\mu}(\mu\in\Xi_{J}^{(n)}, 0\leq J\leq n),$ $\lambda=\mu$ \S 5 $|$ $\phi$ 2
$K$- $\iota^{\vee}:V_{\mu}^{(n)\vee}arrow H_{\mu,K}^{\vee}$ $\iota:V_{\mu}^{(n)}arrow H_{\mu,K}$ $\phi=\Phi_{\Pi_{\mu_{l}}}o(\iota^{\vee}\otimes\iota)$
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$\lambda\in\Lambda_{n}$ $V_{\lambda}^{(n)}$ $\{v_{i}^{\lambda}\}_{i\in I(\lambda)}$ $\{v_{i}^{\lambda\vee}\}_{i\in I(\lambda)}$
$\mathfrak{p}_{\mathbb{C}}$
$G$ $\Pi_{\mu}$ $K$- $\tau_{\mu}^{(n)}$
$\phi(v_{i}^{\mu\vee}\otimes v_{i}^{\mu})(i, i’\in I(\mu))$





$\mu+ej-e_{n+1}\in\Lambda_{n}$ $1\leq j\leq n$ ( 1 ) $K$-
$I_{j}^{+}:V_{\mu+e_{j}-e_{n+1}}^{(n)}arrow \mathfrak{p}_{+}\otimes_{\mathbb{C}}V_{\mu}^{(n)}$ $\{v_{i}^{\mu+e_{j}-e_{n+1}}\}_{i\in I(\mu+e_{j}-e_{n+1})}$
$I_{j}^{+}(v_{i}^{\mu+e_{j}-e_{n+1}})= \sum_{i_{1}\in I(\mu)}X_{+,i,i_{1}}^{(j)}\otimes v_{i_{1}}^{\mu} (X_{+,i,i_{1}}^{(j)}\in \mathfrak{p}_{+})$
$K$- $\iota \mathfrak{p}:\mathfrak{p}_{\mathbb{C}}\otimes_{\mathbb{C}}V_{\mu}^{(n)}arrow H_{\mu,K}$
$\iota_{\mathfrak{p}}(X\otimes v)=\Pi_{\mu}(X)\iota(v)$
$\iota_{\mathfrak{p}}^{+_{j}}=\iota_{\mathfrak{p}}\circ I_{j}^{+}$
$\iota_{\mathfrak{p},j}^{+}(v_{i}^{\mu+e_{j}-e_{n+1}})=\iota_{\mathfrak{p}}(\sum_{i_{1}\in I(\mu)}X_{+,i,i_{1}}^{(j)}\otimes v_{i_{1}}^{\mu})=\sum_{i_{1}\in I(\mu)}\Pi_{\mu}(X_{+,i,i_{1}}^{(j)})\iota(v_{i_{1}}^{\mu})$
$i’\in I(\mu)$
$\Phi_{\Pi_{\mu}}(\iota^{\vee}(v_{i}^{\mu\vee})\otimes\iota_{\mathfrak{p},j}^{+}(v_{i}^{\mu+e_{j}-e_{n+1}}))=\sum_{i_{1}\in I(\mu)}R(X_{i,i_{1}}^{(+;j)})\phi(v_{i}^{\mu\vee}\otimes v_{i_{1}}^{\mu})$
\S 6 $\Pi_{\mu}$ (b) $n-J+1\leq i\leq n$
$Hom_{K}(V_{\mu+e_{j}}^{(n)}{}_{-e_{n+1}}H_{\mu,K})=\{0\}$
$\iota_{\mathfrak{p},j}^{+}:V_{\mu+e_{j}-e_{n+1}}^{(n)}arrow H_{\mu,K}$ $0$- $\mu+eJ-e_{n+1}\in\Lambda_{n}$
$n-J+1\leq j\leq n$









$\mu-ej+e_{n+1}\in\Lambda_{n}$ $1\leq j\leq n-J$ ( 1 ) $K$-
$I_{j}^{-}:V_{\mu-e_{J}+e_{n+1}}^{(n)}arrow \mathfrak{p}_{-}\otimes_{\mathbb{C}}V_{\mu}^{(n)}$
$I_{j}^{-}(v_{i}^{\mu-e_{j}+e_{n+1}})= \sum_{i_{1}\in I(\mu)}X_{-,i,i_{1}}^{(j)}\otimes v_{i_{1}}^{\mu} (X_{-,i,i_{1}}^{(j)}\in \mathfrak{p}_{-})$
$\sum_{i_{1}\in I(\mu)}R(X_{-,i,i_{1}}^{(j)})\phi(v_{i}^{\mu\vee}\otimes v_{i_{1}}^{\mu})=0 (i\in I(\mu-e_{j}+e_{n+1}), i’\in I(\mu))$ (7.2)
[HKMO] $n=2,3$ Gelfand-Tsetlin $\{v_{i}^{\lambda}\}_{i\in I(\lambda)}$
$X_{\pm_{)}i,i_{1}}^{(J)}$
’
Gelfand-Tsetlin $\mathfrak{k}\mathbb{C}\simeq \mathfrak{g}$ (n, $\mathbb{C}$)
$v\in B(\lambda)$ $V_{\lambda,\nu}^{(n)}\cap\{v_{i}^{\lambda}\}_{i\in I(\lambda)}$ $V_{\lambda,\nu}^{(n)}$
Gelfand-Tsetlin $\{v_{i}^{\lambda}\}_{i\in I(\lambda)}$
(7.1) (7.2) \S 5 $v$- $\phi[v](v\in B(\lambda))$
$n=3,$ $J=1$
7.1. $n=3,$ $J=1,$ $\mu=(\mu_{1}, \mu_{2}, \mu_{3})\in _{}1^{(3)}$ $\phi$ $\nu$- $\phi[v]$

















$n\geq 2$ $\mu\in\Xi^{(n)}$ 2 $K$- $\iota_{\check{\mu}}:V_{\mu}^{(n)\vee}arrow H_{\mu,K}^{\vee}$
$\iota_{\mu}:V_{\mu}^{(n)}arrow H_{\mu,K}$
$\langle\iota_{\mu}^{\vee}(v^{\vee}), \iota_{\mu}(v)\rangle=\langle v^{\vee}, v\rangle (v^{\vee}\in V_{\mu}^{(n)\vee}, v\in V_{\mu}^{(n)})$ (8.1)
$\phi_{\mu}=\Phi_{\Pi_{\mu}}\circ(\iota_{\mu}^{\vee}\otimes\iota_{\mu})$
$\phi_{\mu}(v^{\vee}\otimes v)(g)=\langle\iota_{\mu}^{\vee}(v^{\vee}), \Pi_{\mu}(g)\iota_{\mu}(v)\rangle (g\in G, v^{\vee}\in V_{\mu}^{(n)\vee}, v\in V_{\mu}^{(n)})$.
$\nu\in B(\mu)$ $\phi_{\mu}$ $\nu$- $\phi_{\mu}[\nu]$ (8.1)
$\phi_{\mu}[\nu](1_{n+1})=1 (\nu\in B(\mu))$ (8.2)
Bergman
8.1. $n\in \mathbb{Z}\geq 2,$ $\mu=(\mu_{1}, \mu_{2}, \cdots, \mu_{n})\in\Xi_{0}^{(n)}$ $\nu=(\nu_{1}, \nu_{2}, \cdots, v_{n-1})\in$
$B(\mu)$
$\phi_{\mu}[\nu](a[t])=ch(t)^{-\mu_{1}-\mu_{2}-\cdot-\mu_{n}+\nu_{1}+\nu_{2}+\cdots+\nu_{n-1}}.$
$n=2,3$ $G$ 8. 1 \S 6
$\mu\in\Xi_{1}^{(n)}$ $\Pi_{\mu}$ $n=2$
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8.2. $n=2,$ $\mu=(\mu_{1}, \mu_{2})\in\Xi_{1}^{(2)}$ $v=\nu_{1}\in B(\mu)$
$\phi_{\mu}[v](a[t])=$ ch$(t)^{-\mu_{1}-\mu_{2}+\nu_{2}}F_{1}(v-\mu_{2}+1,-\mu_{2}+1\mu_{1}-\mu_{2}+2 ; 1- ch (t)^{2})$
$=ch(t)^{\mu_{1}+\mu_{2}-v}{}_{2}F_{1}(\mu_{1}-v+1,\mu_{1}+1\mu_{1}-\mu_{2}+2;1-ch(t)^{2})$ .
$n=2$ [$T$ , Theorem A. 1.1]
$n=3$
8.3. $n=3,$ $\mu=(\mu_{1}, \mu_{2}, \mu_{3})\in\Xi_{1}^{(3)}$ $v=(v_{1}, \nu_{2})\in B(\mu)$
$\phi_{\mu}[v](a[t])=ch(t)^{-\mu_{1}-\mu_{2}-\mu_{3}+\nu_{1}+\nu}2{}_{3}F_{2}(v_{1}-\mu_{3}+2,v_{2}-\mu_{3}+1,-\mu_{3}+2\mu_{1}-\mu_{3}+3, \mu_{2}-\mu_{3}+2;1-ch(t)^{2})$ .
8.2 8.3 Vid\={u}$nas$ [Vi, Theorem 9. 1]
8.4. $n=2,3$ $\mu\in\Xi_{1}^{(n)},$ $v\in B(\mu)$ $R_{1}(z)$
$R_{2}(z)$
$\phi_{\mu}[v](a[t])=R_{1}$ (ch $(t)$ ) $\log(ch(t))+R_{2}(ch(t))$ .
8.5. 8.4 $SU(2,1)$ $SU(3,1)$
8.4 $R_{1}(z)$ $R_{2}(z)$
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